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/"■V' Abstract. We construct the two- variable p-adic q-L-function which interpolates the 

generalized ^-Bernoulli polynomials associated with primitive Dirichlet character %■ I n_ 
i-^h ' deed, this function is the ^-extension of two-variable p-adic L-function due to Fox, corre- 

sponding to the case q = 1. Finally, we give some p-adic integral representation for this 
two-variable p-adic q-L-function and derive to (/-extension of the generalized formula of 
Diamond and Ferro and Greenberg for the two- variable p-adic L-function in terms of the 
p-adic gamma and log gamma function. 
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O . §1. Introduction 

in 
°. 

Let p be a fixed prime. Throughout this paper Z p , Q p , C and C p will, respectively, 
denote the ring of p-adic rational integers, the field of p-adic rational numbers, the 
complex number field and the completion of algebraic closure of Q p . Let v p be the 
normalized exponential valuation of C p with \p\ p = p~ v p^ = p _1 . When one talks of 
g-extension, q is variously considered as an indeterminate, a complex number q G C, 
or a p-adic number q E C p . If q £ C, one normally assumes \q\ < 1. If q G C p , 
then we assume \q — l| p < p~~, so that q x = exp(xlogq i ) for \x\ p < 1. Kubota and 
Leopoldt proved the existence of meromorphic functions, L p (s,x), defined over the p- 
adic number field, that serve as p-adic equivalents of the Dirichlet L-series, cf.[ 9, 11 ]. 
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These p-adic L-functions interpolate the values 

L p (l - n ,x) = --(l- Xn(p)p n - 1 )B n , Xn , for n e N = {1, 2, • • • , } , 

where -B n ,x denote the nth generalized Bernoulli numbers associated with the primitive 
Dirichlet character \i an d Xn = X w ~ n > with w the Teichmuller character, cf.[l-37]. In 
this paper, we use the notation: 

1 - q x 

[x] q = [x:q] 



1-q 



Hence, lim (? _ > i[;E] = x for any x with \x\ p < 1 in the present p-adic case. Let d be a 
fixed integer and let p be a fixed prime number. We set 



X = X d = ^m(Z/dp N Z), X 1 = Z p , 



N 



X* = (J a + dpZ p , 

0<a<dp 
(a,p)=l 

a + dp N Z p = {x E X | x = a (mod dp N )}, 

where a G Z lies in < a < dp^, cf. [11-30]. 
For any positive integer AT, we set 

H q (a + dp N Z p ) = j^J, cf.[18] , 

and this can be extended to a distribution on X. This distribution yields an integral 
for each non-negative integer m: 

= 1 [ * r ^ (st) = L lard ^ a) = (T^F I (T)'- 1 '*^! • 

where fi^ q are the mth Carlitz's (/-Bernoulli numbers, cf. [3, 4, 5 ]. In a recent paper 
[ 10], Fox defined a two-variable p-adic L-function L p (s,t\x) with the property that 

L p (i - m ,t\ x) = _fl-.»-(^)-x-M^-'g-.»-(»'-V'), 
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for positive integer m and t E C p with \t\ p < 1, where p* = p if p > 2 and p* = 4 
if p = 2, and B mjXm (x) are the mth generalized Bernoulli polynomials attached to %. 
In [12 ], we gave the interesting results on the p-adic g-L-functions, a subject initiated 
by Neal Koblitz [ 24], in the beginning of the 1980's in which the author made some 
contributions, cf. [11-23 ]. For positive integer n, these functions satisfy 



L Piq (l-n, x) = 



Pn, q , Xn ~ [P}g 1 Xn{p)l3 n , q v, Xn 

n 



where (3 n ,q,x n are the nth generalized (/-Bernoulli numbers attached to x which are 
defined by author, cf.[ 20]. The purpose of this paper is to construct a two- variable 
p-adic g-L-function L Pjq (s,t\x) for the Dirichlet character x with the property that 

Lp, q {l - m, t\x) = , n E Z+, 

n 

where Pn,q,xn( x ) are ^ e n th generalized g-Bernoulli polynomials attached to x- This 
function is actually a (/-extension of the two-variable p-adic L-function of Fox, corre- 
sponding to the case q = 1. For a prime number p and for a Dirichlet character defined 
modulo some integer, the p-adic L-function was constructed by interpolating the val- 
ues of complex analytic L-function at non-positive integers. Diamond [7, 8 ] obtained 
formulas which express the values of p-adic L-function at positive integers in terms of 
the p-adic log gamma function. In this paper, we give the g-extension of his results to 
the case of the two- variable p-adic (/-L-function and obtain the formulas which express 
the values of J^L Pig (0, in terms of the g-extension of Diamond p-adic log gamma 
function. Finally, we give the values of L Pjq (s,t\x) at s = 1. 

2. (/-EXTENSION OF TWO-VARIABLE DlRICHLET'S L-SERIES 

In this section we assume that q G C with \q\ < 1. The (/-Bernoulli numbers are 
usually defined by 

(1) ^ = Toii' («& + 1 ) n -0».« = *M. 

where 8 n ^\ is the Kronecker symbol and we use the usual convention about replacing 
Pq by /3i : q, cf.[13, 14 ]. Note that lim^i (3k, q = Bk, where Bk are the kth. ordinary 
Bernoulli numbers. In [14] the (/-Bernoulli polynomials are defined by 

(*) w.)=E(!)«-«-'^t(l)sW)'' 
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From the Eq.(l), we note that 

Pn, q = 7 r — I . ) (— l) n ~ l — — , where I . 1 is the binomial coefficient. 

(1 — q) n i=o \i J [i\ q \ij 

Thus, we have the generating function of (/-Bernoulli numbers as follows: 

(3) ,. w -.*g^)'J-g^. bM <i. 

By (3), we easily see that the (/-Bernoulli numbers are the unique solutions of the 
following (/-difference equation in the complex plane: 

(4) FJt) = \^e^h - t V q n e^\ for \t\ < 1. 

log, ^ 

In the Eq.(2), we consider the generating function of (/-Bernoulli polynomials as follows: 

00 +n 00 a / 1 \ 3 fj 

(5) J2PnAx)- = F qM = e^Y,^{-^ 1 ) <l jX J V for|t|<l. 

Thus, we obtain the following (/-difference equation for the generating function of q- 
Bernoulli polynomials in the complex plane: 



(6) F q (x, t) = J^ eT± ~ q ~ * q n+x e^ +x ^\ for \t\ < 1. 



n=0 



Let x be the Dirichlet character with conductor / = f x e N. Then the generalized 
(/-Bernoulli numbers attached to %, (3 n , x ,qi are defined by 

OO OO n 

(7) F,, x (f) = -t X(n)q n e^ = £ /? n , x „ \t\ < 1. 

n=l n=0 

Remark. From the Eq.(7), we note that 



x (f) = y = Y B n x ^ 

a=l n=0 
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By the Eq.(7), we easily see that 

/ 

(8) A.,x, ? = [/]! _1 E^(7)- 

0=1 J 

We now also define the generalized (/-Bernoulli polynomials attached to x as follows: 

(9) F ffiX (M) = -^xW^e^l^ = ^/3„, x , g (x)-. 

n=l n=0 

Thus, we obtain the below formula: 

/ 00 

F 9tX (x, t) = -tJ2 X(a) q nf+a+x e^ nf+a+x ^ t . 

a=l n=0 

From this, we note that 

with the usual convention about replacing by (3 n ,x,q- 

Let (7 be a positive integral multiple of / = / x . Then for each n G Z, n > 0, we 
have 

y^/^w,x,g( a; )~T 

n=0 n - 

g — 1 00 <?— 1 00 

= _ t ^ x ( a ) q 9n+a+x e [ 9 n+a+x] q t = _ f ^ ^ ^(n+^Is],^],,,* 

a=0 n=0 a=0 n=l 

n=0 \ a=0 ^ / 



Therefore, we obtain the following lemma: 
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Lemma 1. Let g be a positive integral multiple of f = f x . Then for each n G N[J{0}, 
we have 

a=0 9 a=0 ^ 



Note that the series on the right hand side of (6) and (9) are uniformly convergent. 
Hence, we easily see that 

and, 

d k °° 
/W*) = ^,x(M)|t=o = -*£[n + z]{-V +x x(n), k > 1. 

n=l 

Therefore, we obtain the following theorem: 

Theorem 2. Let x be the primitive character with conductor f = f x . For k > 1, 
q G C u>ii/i IqI < 1, we have 



9-1 1 

and, 

OO 

/W*) = -*X> + *]^V +a, x(n)- 

n=l 

In [ ], the (/-analogue of the Hurwitz's zeta function was defined by 

°° n n+x i (-1 _ \s 

+ ^ logo 

This function is meromorphic for s G C with simple pole at s = 1. By using Theorem 2, 
we easily see that ( q ( l-n,x) = - /3 "' g(a:) , n G N. From the results of the above Theorem 
2, we can consider the (/-analogue of two-variable Dirichlet's L-series as follows: 
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Definition 3. For s G C, we define the q-analogue of two-variable Dirichlet L-series 
as 



00 



M». *) = E = (?- 1 )E + E xW 



In [12] one variable (/-L-series are defined by L q (s,x) = Y^=i ^J^' s e Thus, 
we see that L g (s, 0|x) = L 9 (s,x)- In the previous paper [23] we also defined the two- 
variable Dirichlet L-series as L(s,x|x) = Zl^Li (n+") s ' s ^ C. From this definition, we 
note that lim 9 ^i L q (s,x\x) = L(s,x|x)- By Theorem 2 and Definition 3, we obtain the 
following corollary: 



Corollary 4. If k > 1, < x < 1, then we have 

L q (l - k,x\x) = 



k 



Remark. Let x be a Dirichlet character with conductor / = f x . By (7) and (8), we 
easily see that 

nf-l 

(11) X(k)q k lk][ = -—([3 l+1 , x , q (nf)-[3 l+1 , x , q ), n,leK 

In [31] M. Schlosser investigated the (/-analogues of the sums of consecutive inte- 
gers, squares, cubes, quarts and quints. That is, his q-analogue of Y^l=i ^ or 
m = 1,2,3,4,5, gave by employing specific identities for very-well-posed basic hy- 
pergeometric series, in conjunction with suitable specialization of the parameters. In 
the final page of his paper he did guess that reasonable continuation involving higher 
integer powers will follow the same his pattern. The Eq.(ll) is the generalization for 
the problem which was guessed by Schlosser in [31]. Indeed if we take trivial character 
in Eq.(ll), then Eq.(ll) becomes the (/-analogue of the sums of powers of consecutive 
integers involving higher order. By using the Eq.(lO) and Definition 3, we obtain the 
below identity: 

/ 

(12) L q (s,x\ X ) = [/]- s $>( a )Ms, 

0=1 J 
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Let r(s) be the gamma function. Then we can readily see that 



i f 

logqT(s)J y q) t^[n + x] s q T(s) J 



Therefore, we obtain the followings lemma: 
Lemma 5. For s G C, we have 



By applying Mellin transforms and residue theorem to Lemma 5, we can derive the 
below identity: 

C ff (l - n,x) = t^^ q{x){2m ) ^IL^(_i)»-^ , rgE 

In the case x = 1 we note that C 9 (l - n, 1) = = - = n > 1. 

By (9), we easily see that 



(13) 



1 f°° 
Y^jJ Q F q , x (x,-t)t s - 2 dt 

°° -1 POO 

n=l 1 ^ J ' / ° 



Thus, we have 



L q (l - n, x\ X ) = - /?n ' x ' g(x) , n£l 
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Let 



(14) 



<!'" ! 1 0- — QY 

J<7 



H q (s,a,F) = V + —t± , 

qK ' ' ; ^ [m]« F(l-s)logg 

m=o( mod F) 
m>0 

1 



00 „a+nF 



= Y — 



+ 



n=0 



[a + nF] 8 F(l-s)\ogq 



= [F]- q X qF (s,-), 



where a and F are positive integers with < a < F. Let x(¥" 1) be the Dirichlet char- 
acter with conductor F. Then the (/-analogue of Dirichlet L-function can be expressed 
as the sum 



(15) 



L,(s, X ) = J>(a)# Q (s,a,F), s e C, cf.[17]. 



a=l 



The function H q (s, a, F) is a meromorphic for s 6 C with simple pole at s = 1, having 
residue p^g q , and it interpolates the values 



(16) 



H q (l-n,a,F) 



n-l 



a 



Pn^ij^), where n G Z, ra > 1. 



We now modify the partial g-zeta function as follows: 

1 1 00 /1 _ \ 

(17) H q (s,a,F) = _ ? J^'^ 



By (14), (15), (16) and (17), we easily see that 



11 

as) ^(^x) = — ttftE^)n;- s e 

^ J 9 a=l m=0 



1 J 



for sgC. 



q a 



1-s 

m 



q arn /3, : 



F 

a 



From the Definition 3, we note that L q (s, x\x) is analytic for s G C, except s 7^ 1 when 
X^l. Using Eq.(17) to define H q (s,a + x,F) for all a G Z with 0<a<F, xGM 
with < x < 1, we obtain 



(19) 



L q (s, x\x) = E x( a )#g( s > a + x,F). 



a=l 
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Let F and a be positive integers with < a < F, and let 
(20) 



L q (s,x\x) 



1 1 



m=0 



1 - 8 



m 



(a+x)m 



a + x 



7 a + x 



Then, L q (s, x\x) is analytic for s G C, except s ^ 1 when x = 1. Furthermore, for each 
iiGZ with n > 1, we have 



L,(l -n,x|x) 



Pn,x,q ("^) 

n 



In this section we introduced some of the basic facts about one-variable (/-L-series 
and two-variable (/-L-series in complex plane. Then their values at negative integers 
are given in terms of generalized (/-Bernoulli numbers and polynomials attached to 
X- We also evaluate L q (l,x\x) and give some relation with (/-Bernoulli numbers and 
polynomials. By the definition of L q {s, x\x), we easily see that 

L q (s,x\x) 

1 1 ^ 00 /1 \ TP 

iq a=l m=l ^ ' 

We now give the below Taylor expansion of [a + x] q ~ s at s = 1: 



a + x]J s = 1 - (s - 1) log[a + x] q + 



Thus, we see that 



L q (l,x\x) 



in 



J2x(a)\-log([a + x] q )+Yl 



(-1) 7 



(a+x)m 



m=l 



771 



F 


m *\ 


a + x 


q a + x J 



In the case x = 0, we have 



L q (l, 0| X ) = x) = T^T E ^( a ) " l0 S(N,) + E 

^ J «a=l I m=l 



("I)' 



-Q Pm,q F 



F~ 


m ^ 


a 


q a J 



The values of L g (s,x|x) at negative integers are algebraic, hence may be regarded as 
lying in an extension of Q p . We therefore look for a p-adic function which agrees with 
L q (s,x\x) at the negative integers in the next section. 
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3. TWO- VARIABLE p-ADIC g-L-FUNCTIONS 



In this section we shall consider the p-adic analogs of the two- variable g-L-functions 
which were introduced in the previous section. Indeed this functions are the (/-analogs 
of the p-adic functions due to Fox, corresponding to the case q = 1. Let w denote 
the Teichmuller character, having conductor f w = p*. For an arbitrary character 
X, we define Xn = X w ~ n > where n G Z, in the sense of the product of characters. 
Throughout this section, we assume that q G C p with |1 — q\ p < p~~ . Let < a >=< 
a : q >= w~ 1 (a)[a] q = -jj^j- Then, we note that < a >= 1 ( mod p*p~). By 
the definition of < a >, we easily see that < a + p*t >= w~ 1 (a + p*t)[a + p*t] q = 
w~ 1 (a)[a] q + w~ 1 (a)q a [p*t] q a = 1 ( mod p*p~), where t G C p with \t\ p < 1. The p- 
adic logarithm function, log p , is the unique function C* — > C p that satisfy (1) log p (l + 

x ) = E^=i ^- xn i \ x \p < !> ( 2 ) l °S P (xy) = log p x + log p y, \/x,y G C*, and log p p = 0. 
Let Aj(x) = E^L a n,j xTl i a n,j G C, j = 0, 1, 2, • • • be a sequence of power series, each 
of which converges in a fixed subset D = {s G C p ||s| p < \p*\~ 1 p~p =T } of C p such 
that (1) a n ^ — > a n> o as j — > 00 for Vn; (2) for each s £ D and e > 0, there exists 

no = no(s,e) such that J2 n>n a n js n < e for Vj. Then lim^oo Aj(s) = Ao(s) for 

- ' P 

all s £ D. This is used by Washington [36] to show that each of the function w~ s (a)a s 
an d J2m=o (m) (f" ) wnere is the multiple of p* and / = / x , is analytic in .D. 

Let F be a positive integral multiple of p* and / = / x , and let 

L P,<zMlx) 



1 1 F °° /l — \ 

— jFf q E X(a)<a + ^> 1_s E ( m r m * q * q ' 



a+p* t)m r i m 



-1 m=0 
(o,p)=l 



a + p*t q 



Then L p q (s,t|x) is analytic for t G C p with |£| p < 1, provided s 6 fl, except s ^ 1 
when X ^ 1- For t G C p with |t| p < 1, we see that £°1 ( s )/3 J)(? F^ a+p *^ 



is analytic for s G -D. It readily follows that < a + p*t > s = w s (a) [a + p*t] s =< a > s 



a+ P * t 

s 
Q 



1 3 

q a + p*t 



Em=o (m) (9 a H7 1 [P**]«) is analytic for t G C p with \t\ p < 1 when s £ D. Thus, 
since (s — l)L P; q(s, t\x) is a finite sum of products of these two functions, it must also 
be analytic for t G C p , \t\ p < 1, whenever s £ D. Note that 



1 9 -i n jA if v = 1 
hm( S -l)L P) ,( S ,t| X ) = <| X ' 

0, if x ^ 1. 



>i 
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We now let n e Z, n > 1, and fix t e C p with < 1. Since F must be a multiple 
of / = / Xti , Lemma 1 implies that 



F-l 



(21) 



A»,xn,«(p**) = re -1 E 



a=0 



If Xn(p) = 0, then (p, / Xri ) = 1, so that is a multiple of / Xn . Therefore, we obtain 



(22) XnWWr^Xn.^&'-Vt) = [FT,' 1 £x»(a)/W(^=r^) 



a=0 
p\a 



The difference of these quantities yields 



a + 



a=l 



By using the distribution of (/-Bernoulli polynomials, we easily see that 



m=0 



■t)r 



a + p*t 



Pm, q F • 



Since x n (a) = x(«)« ; n («) and for (a,p) = 1, and t G C p with |£| p < 1, we have 



in 



£ x(a)<a+ P *t> n J2 rw a+p * t)m 



a=l 
(a,p) = l 



m=0 



a + p*t 



Pm,q F 



ja-\-p t 



Thus, we see that 



- {Pn, Xn , q (P*t) ~ X»(p)WrXx^(P'V*)) = - n,t\ X ), for tiGN. 



n 



Therefore we obtain the following theorem: 
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Theorem 6. Let F be a positive integral multiple of p* and f = f x , and let 
(23) 

L P,q(^t\x) 

11^ 00 /l \ TP 

= —, Wq E xW<a +P * i > 1 -E(;> < ^' , "^[^]?„-.. 

a=l m— 

(o,p)=l 

T/ien, L P)(? (s,t|x) is analytic fort E C p , < 1, provided s E D, except s ^ 1 ty/ien 
X ^ 1. ^Uso, if t E C p , |t| p < 1, this function is analytic for s E D when x 7^ 1, and 

meromorphic for s G D, with simple pole at s = 1 having residue ^logg* (1 ~~ p") w/ien 
X = 1. Furthermore, for each n E Z, n > 1, we have 

L p Jl-n,t\ X ) = ~ (ft.x.^-XnWWr^x.^lP'Vt)) • 



Remark. fij ./Vote t/mi L Pyq (s, 0|x) = L P:q (s, x) /or s E D with s ^ 1 z/x = 1, itf/iere 
-^p,g( s 5 x) is p-adic q-L-function, cf.[12]. 

(2) Let L p (s,t\x) be the two-variable p-adic L-functions of Fox. Then we see that 
lim^i L p , g (s, t|x) = L p (s, t|x)- 

By means of a method provided by Washington [36], we now generalize to two- 
variable p-adic g-L-function, L Pjq (s,t\x), by modifying L PjQ (s,x), which was first de- 
fined by the function 

11 °° f\ — s\ 

H p Js,a,F) = ——<a> 1 - s J2[ j J&W 

where s E D, 1, a E Z with (a,p) = 1, and F is a multiple of p* , cf. [17]. 
The function L p g (s, x) can be rewritten as the sum 

F 

(24) L p , q (s, X )= E x(a)^ P , g (s,a,F), cf.[17], 

a=l 
(o,p) = l 
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interpolates the values 

H Pjq (l-n,a,F) = --«r n (a)/3 n>g F A, 

n r 

where neZ,n>l, cf. [17, 12]. 

By using H Pjq (s, a + p*t, F), we can express L Pjq (s,t\x) for all a G Z, (a,p) = 1, and 
t E C p with |t| p < 1, as follows: 



(25) L P)(Z (s,£|x) = ^ X (a)H p , q (s,a + p*t,F). 

a=l 
(o,p)=l 

From the proof of Theorem 6, we note that H Pjq (s, a + p*t, F) is analytic for t G C p , 
|£|p < 1) where s 6 fl, s ^ 1, and meromorphic for s G -D, with a simple pole at 
s = 1, when t G C p , \t\ p < 1. Let us consider the first partial derivative of the function 
L P ,q(s, t\x) at s = 0. It is easy to see that 

d n f-s\ ( log<?\ n 

—L p , q (s,t\ X ) = I Ira! ( j- ) L M (s + n,t|xn), 

for all s G -D, s 7^ 1 if x = 1, and t G C p with |i| p < 1. 
Furthermore, we note that 

f-s\ (ra-1)! 

lim )L p , q (s + n,t\xn) = j — 1 hm (s + n - l)L pq (s + n, t\x n ) 

s— >1— n \ n J n\ s— >1— n 



-f^j; 2. x,(a)V = --^ )X „.-^-/3o, 

a=l 
(a,p)=l 



Thus, we have 



Wl - n, tlx) = -^(P*^) n (A>,x»,« - XnipM^fh*^) 
Since Po, x , q = if x 7^ 1, this become 
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^(.-MM = (- ( "- 11VSl " ,1 -' ) ^ ifx = 1 ' 

0, if x ^ i- 



dt 

In the case n = 1, we easily see that 



l 0, if x ^ 1. 

The value of J^L P)(? (0, £|x) is the coefficient of s in the expansion of L P)q (s,t\x) at 
s = 0. By using Taylor expansion at s = 0, we see that 

' = 1 + sH , 



1 -s 

< a + p*t > 1_s =< a + p*t > (1-8 log p < a + p*t> H ) , 

l-s\ (-l) m+1 
m J mym — 1) 

By employing these expansion, along with some algebraic manipulation, we evaluate 
J^L P; q(0, t\x)- From the definition of L p g (s,t|x), we note that 

F 



L J? 0=1 ™=° V 7 



+p*t)m r im 

a + p*t 9 



a= 
(a,p) = l 



Thus, we have 



Q^Lp^s, t|x) I «=o = ( — — — ^/3 0>9 f + /9 1)Q f J log p < a+p* 

[*+p*t] 9 ft 1 y (-i) m re: , [g+p^ i 

(26) 

+ (g-l)J] Xl (a){[a + p*t]^ M F (-l + log p < a + pH >) 

a=l 

00 m ✓ % 

+ E E (?)(«- i^ta+^^^r 1 ^}- 

m=2 Z=l ^ ' 



m_1 J-m+l/j 
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We now define the Daehee (/-operator, D q F (x,y), as follows: 
(27) 

00 m , x 

D fflf .(x,y) = (log„x - 1) x^ q +EE 7 1)i_m (2/F " X ) 

m=0 2=1 ^ ' 

In [7,8 ] the Diamond gamma function is defined by 

1 00 B 

(28) G p (x) = (x--) log p x - a; + jtj-i) * 1 '*' for > 1 ' 

We now consider a (/-analogue of the above Diamond gamma function as follows: 

(29) G p , q (x) = {(x + [z] q ) log p (x + [z\ q ) -{x+ [z] q )}q- z dn q (z), for \x\ p > 1. 

Jz p 

From the above Eq.(29), we note that G PjQ (x) is locally analytic on C P \Z P . By (29), 
we easily see that 

(30) G p , q (x) = (xf3 , q + /3 ljq ) log p x - xf3 , q + ^ — — — (3 n+1 , q x~ n , for \x\ p > 1. 

n[Ti 1 J- j 

n=l v ' 

Note that lim^i G p ^ q (x) = G p (x). Since, iu(a) is a root of unity for (a,p) = 1, we see 
that 

(31) log p < a + p*t >= log p (a + p*t) + log p w' 1 (a) = log p (a + p*t). 
From the Eq.(26), Eq.(27), Eq.(30) and Eq.(31), we note that 

F 

a=l 
(a,p)=l 

+ (g - ([a + p*f]„ ? ) } = -(f'*L p , q (0, x) log p [F] 

+ £ Xi(a)^( [a [ F ^ ]g )+(g-l) E Xi(a)D qF , F ([a + p*t] q ,q). 

a=l ■ a= -^ 

(o,p)=l (o,p)=l 

Therefore we obtain the following theorem: 



TWO- VARIABLE p-ADIC 4-L-FUNCTION 
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Theorem 7. Let x be the primitive Dirichlet character, and let F be a positive integral 
multiple of p* and f = f x . Then for any t G C p with \t\ p < 1, we have 

F 



d_ 
ds~ 



a=l 
(a.p) = l 



+ (?-!) £ Xi(a)^,F([a + P**]«,?)- 



a=l 
(a,p) = l 



Now we give the value of L P;g (s, £|x) at s = 1 when % 7^ 1. From the definition of 

£p,<?(*M|x), we have 



£ P ,<?(Mlx) 



1 1 

7^1 in 



J2 X(a){ <a + p*t> x s /3 0i , 



a=l 

(a,p) = l 



(a+p*t)m 



/l — \ 

+ <a + ^> 1 - s £ ( J/W* 

m=l ^ ' 

By using Taylor expansion at s = 1, we see that 

lim L P)(Z (s, t|x) = -TpS- Yl x(a)log p < a + p*t> 



a + p*t 



}• 



7 a + p*t 



a=l 
(a,p) = l 



-,4 £ ^iK- 1 )- 1 ^.""*''"^ 

a=l m— 1 



a= 
(a,p) = l 



Therefore we obtain the following theorem: 



Theorem 8. Let x be the Dirichlet character with conductor f = f x and let F be the 
positive integral multiple of p* and f = f x . Then we have 

I F 

L P,q(ht\x) = jp^ X(a){-fog p <a + p*t> 



a=l 
(o,p) = l 



00 /_ -\\m— 1 



m=l 



[/]« 



[a + 



}, for t e C p with \t\ p < 1. 
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Remark. From the above Theorem 8, we note that 
L M (l,0|x) = W1,X) 

(a,p) = l 

and lim 9 ^i L p , g (l, x) = L p (l, x). 
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